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~ltW, 13KILTID~GA METHOD FOR THE .

Lcmgltudinal
airplane computed
Pitching-velocity

EVALUATION OF TRANSFER

By William C. Triplett and

FUNCTIO~

G. Allan Smith

fiequency+response chamcteristics of a ~~ swept+ing
fran flight measureunts are presented herein.
and normal acceleration responses to pulse-type eleva-

tor inputs have been analyzed to obtain frequency responses and numri–
cal values of the coefficients of the tramf er functions. These coeffi-
cietitsare plotted as functions of Mach nuniberover the Bkch number
range of 0.59 to 1=05. All flight data were recorded.at an altitude of
approx-tely 35,000 feet, and effects of altitude variations on the
frequenty-response characteristics are calculated.

Also presented are the pitching-velocity frequency responses to
displacemmts of the adjustable stabilizer. These were coquted using
experimentally determined values of the ratio of stabilizer effective—
ness to elevator effeetiveness.

A graphical mthod for determining transfer c~fficients from
frequency-respohse data is described. This nthcd elhuinabs lengthy
nmnmical culculations usually assw iated with this type of problem. An
electronic amal.oguecomputer was used in con~cticm with the above
~thcd so that the graphically determined resuits could be mdif ied
until the output of the cmputer matched the wiginal flight data.

INTRODUCTION

In the design of autmnatic+oontrol equipment for high perfromance
aircraft, it is necessary to consider the dynamic-response

A. - “-’===””Itmr’
—-—.
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characteristics of the aircraft. These characteristics can be conven-
iently expressed as transfer functions which are expressions that des-
cr ibe the motion of the airplane for the various flight conditions of +-
interest. Often these expressions can be predicted by using stability
derivatives obtained from theoretical studies ad frm wind-tunnel tests.
In many cases, however, particularly in the transonic speed.range, it is
necessary to resort to actual flight-test prwedures in order to deter-
mine the airplane frequency response from which the desired transfer
functions may be obtained.

—

Presentid herein is one phase of a flight-test program being con-
ducted by the NACA for the purpose of determining longitudinal, lateral,
and directional frequency+esponse characteristics of a 35° swept-wing
airplane. This report considers only the longitudinal case and presents
variations of the cmff icients of the transfer functions over the ~ch
number range of 0.59 to 1.05 for one flight altitude. The resuits of
this phase of the test program were determined from flight data similar
to that described in reference 1 and this report may b considered as an
extension thereof.

A second ob$ectIve is the presentatIon of a general mthod for
obtaining transfer functions from frequency-response data utll izfng a
special set of templates end an elec~ronic analogue computer. The tem-
plates afford a ?IENUISof rapid determination of the form of the transfer
functions as well as good approximations of the num9rical cmfficlents
Involved. The analogue computer may then be used to modify these nunm+
ical values and to check them against the flight masure~nts.

CL
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T

T
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NOTATION

lift coefficient

pitchln~omnt ccafficient

_nt of inertia about the

about airplane cen~r of gravity

lateral axis through the center of ‘

.

.

gravity, slu~feet squared
—

amplitude scale factors

l&ch number

wing area, sq.usrefeet

tim interval, seconds

flight velocity, feet per second

sonic velocity, feet per second
“

s$~,*----.———



NAC~ RM A51G27 3
.

c

‘t

man aerodynamic chord of wing, feet

acceleration due to gravity, feet per second squared

angle of inoidence of horizontal tail, radians

mass, slugs
.

normal acceleration, feet per se(scmdsquared ~unless othe~
wise noted)

the operatm
()

d
z

pitching velooity, radians per second

timg, seconds

angle of attack, radiane

elevatcm deflection, radians (unless otherwise noted)

atmospheric density, slugs per cubic foot

-v+ -C PrSssm, pounds Ier square foot
2

damping ratio

oharacteristic timg, seconds

freqwncy, radians per second

undamped naturel frequency, radians per second

da
dt

dCL

da

d%

.

. ..
—
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TE91 EQ~NT

The test airplane was a standard North Anm?ioan F86A-5 with e&er-
nal booms added as shown in figures 1 and 2. The physical charactex
istics and instrumentalion of this airplane are descrihd in reference 1.
Of particular importance to the analysis used-in the present report is
the dynamic behavior of the instrummts used to reco&d pitching velooity
and normal acceleration. Pitohing velmity was masured by a rate gyro
with direct optical recording. The natural frequenoy of this instrumnt
was 10.0 cycles per eecond and the damping ratio was 0.67. Normal aocel-
eration was masured by a standard NACA air-dmqmd va?m-typ accelero-
meter with a natural frequency of 14.7 cycles per second and a damping
ratio of 1*9!%

.
..
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TEST PIWCEDURE AND ANALYSIS

The procedure used in the determination of the airplane fkequency
response and ccmresponding transfer functicns can be divided into four
distinct steps; namly, flight measuremmts, frequency+respca3e computa-
tions, determination of transfer coefficients, and a final check utiliz-
ing an analo~e computer. These steps ere outlined in the following
sections.

Flight ~asurenmts

Transient responses of pitching velocity and normal accele~tion to
pulse-type elevator inputs were recorded over the Mach nuder range of
0.59 to 1.05.
values of trim
tim histories

. To insure
tions in s~ed

All flights were nade at an altitude of 35,000 feet at
lift coefficient that varied from 0.35 to 0J2. Saqle
are shown in figure 3.

consistent data, the airplane was trimmd so that varia–
and altitude during each run were held to a rein- To

attain tes; speeds greater than 0~95 Mach number, it was necessary to
. dive the airplane, thus causing amll altitude chan@s during these runs.

In all tests, after ap@@ng the elevator pulse, ths control was held
fixed until the transient‘responsewas cmpletely damped. As a check on
accuracy, at least two flight recurds ,wre taken at each speed.

The mgnitudes of the applied elevator pulses generally varied from
10° to 12°, masured from trim position as shown in figure 4. It is
desirable to use large inputs so that the transient responses can M
me accurately masured. On the other hand, the smalysis mthtis pre-
sented herein are valid only for Mnear systems. The input magnitudes,
therefor, should be limited to a range in which the pertinent aerody-
namic derivatives are essentially ltiesr. Figure 4 shows the trim ele-
vator angle at each flight-test condition h addition to the absolute
=gnitude of the input pulse. Figure 5 shows the ccmrespondtig trim
engles of attack and the mimum and minimum eagles reached during the
oscillations that followed each elevator pulse.

A transient-type input, in particular a pulse, was used in these
tests minly because it enables an entire airplane frequency response to\
be ccirputidfrom one flight run of a few seconds duration. Sinusoidal
elevator inputs could have been used to determine the steady+tata f&e-

. quency response (amplitudes and phase angles) directly and thus elimi-
nate the calculations described in the following paragraphs. The use of
this type of input was not considered to b feasible because of the

● ’ large amount of flight tim required inasmuch as only one point on the

“-’kfm?g3’NTIwf
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frequency-response.curve could be obtained frcm each flight run. In
addition it would require the Installaticm of special sine+ve generat-
ing equipmnt in the airplane.

l?requency~esponse Computations

The next step in the analysis is the conversion of the transient
time histories into the frequency donmin.

Under certain conditions a tim function such as the pitching
velocity q(t) can be transf~d into,a complex fbequency function

q(~) by mans of the Fourier lnbgral relation

.

q(m) =
f

mq(t) e-iwt dt (1)
o .

This integral nmst be eyaluated frcm time zero to infinity for each fre-
quency w at which q(i~) IS desfred. Obviously, the integration cen
be accomplished only if the behaviar of q(t) Is -own for an Infinite
th. Since q(t) can be masured only for a finite the T, it is

.

necessary for the system to reach steady+tate conditIons before time T
such that q(t) may be expressed analytically betwsen the t- limits ~ ~
and infinity. In addition, the prduct q(t)e-iwt must conver~ as t
approaches fnf

——-.
*

Examination of the data used in this analysis showed that in every
case the farcing function b(t) and the responses q(t) and n(t)
becwmm omstant after a finite time interval T. These steady-state
Vahes my b, expressed as ~, qT, and ~, respectively, amd thus
equation (1) may be divided into two parts as follows:

I
T

f

00
q(iu) = q(t) e-~~ dt + ~ e—tit at

o T

‘I’hesecond integral can be evaluated analytically so that

J
T

q(iu) = ~ e-i@ + q(t)e-iwt dt
o

(2)

For computational purposes equation (2) may be divided into its real and
5maginary parts represented by the symbols R.l?.and I.P., respectively,
so that

.
,

q(iu) = (R.P.) + i(I.P.) 4

.-
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.

where

?’

‘T inuT+
J

T
R.P. =-ws q(t) COS (dt dt

o
#

qT

J

T
\ ImP.=–rco8dl– q(t) sin Wt at ‘

o

The two inte~als involving the.transient part of q(t) may be evalu–
ated by any of several approximation nthods. In analyzing the data of
this report, Simpson;e rule was used to find the area under the product
curves q(t) cos tit and q(t) sti tit= Values of q(t) were tabulated
at O.O%ecbnd fitermals and the integratimm were carried out at each
integral velue of frequency from 1 to 10 radians per second.

After obtaining the numerical values of R.P. and I.P. at each fre–
quencyj q(iu) can be expressed in polar notation such that

“

where the amplitude, Iq I = ~(R.P. )2 + (1.P.)2

% ‘
arc tan I.P.&P. ,

*

The above inte~a>ion proceqs was repeatad
function b(t) to determine

Then the ratio of q/b was determined as

where Iq/5 ] is the amplitude ratio and qq/b
between the two quantities, Qqw.

and the angle,

for the elevator forcing

I* I ei~d~

is the phase difference

Stiilar calculations were made us@ the normal acceleration tim
histories in ader to obtain the quantities ]n/~] ad ~/5.

The final result of the above’calculations is a graphical repre-
sentation of the a~lane transfer function (frequency respmse ) for a
given test condition. This is plotted as curves of aqlitude ratio amd
phase angle versus frequency. The remainder of this section of the
report is concetied with the determination of analytical expressions for
these curves.

k.~UJ”-,
--------..

-—---—--<
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Reference 2 is one of many sources that
use of the Fourier transform fm’ pro%le?nsof
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explain in more detail the
this type. P

Determination of Transfer Ccefficients

A graphical
that best define
Numerical Valuea

method was used to find the type of transfer functium
the masured q/~ and n/6 fi?equency responses.
of the transfer c~f ficfents were dso determined in —

the same operation. This nethod involved the use of a set of templates
developed by C. S. Draper of the Instrumentation Laboratcmy of the 14assa-
chusetts Institute of Technology. These templates are described fully
in reference 3. The design of the templates was based on the followlng
considerations:

1. A rational.function of complex tieq,uency p C-S h gener~,
be expressed as

F(P) = K (p~l)(~~) ● ● ● (p+an)

(y+bl)(p+b~) . . . (p+bJ
(3)

,

where the ai and bi may be either resl or complex, and, if ccanplex,
always appear as con$ugate pairs and where K is any real number. .

lihen ai is a real number, a factar (p+ai) nay be e~ressed as

+ (1+-fp)

where T = & When aiai and ai+l are a complex conjugate pair the

two factors (p+ai)(p+al+~) can be expanded, by lntrducing new coeffi–

cients, tito the fmm (p2+2@np+un2 ) where una = aiai+l and

2c~ = ai + ai+l. Factoring out wn2 then gives

%2( )l+2c $+&,

The k?ms $ and %2 that appem outside the parentheses, being real
numbers, may be grouped together with the multiplying factor K. When
an a~ or bi is zero then a factor p will be present in either the
numrator or the denominator. Then, F(p) h factored form will coqsist
entirely of combinations of the three foms.

Shce we are intxsmestedcmly in the steady-state frequency response,
the complex variable p can be replaced by the frequency variable ice,
and each of the three facturs may be written In polar form as follows:

-.

.

.

r —=-*+:--
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For (1+~ ),

1+ ’riu= Ji7F eIW

where

. .2 7

where

and for p

where

(4)

‘ (5)

(6)

2. When TW is taken as a nondimensional frequency variable all
first+rder tezms of the form (1 + Tiu) can be defined by a single
emplitude curve and a single phase+@e curve as shown in figure 6.
In a similar manner all possible secondader &rms of the farm

()
2

1+2L:+
%

can be defined by a family of curves with u~~ as

the nondimensional fhequency variable. There will be a different pair
of curves for each value of damping ratio ~, as shown in figure 7. 5
factor iu has not been plotted because (fbwl equation (6)) its amplf-
tude is simply eqti to (d and the phase sngle is a constant W“.

3- Since a typical transfer function may consist of mere than me
of these factors in %oth numratw and denminatm, it is of great advan-
ta~ to plOt the amplitudes to a logarithmic scale so tkt nmltiplication
or division of factors of the type shown in equations (4) to (6) may be
accomplished by J&re graphical addition of the amplitudes. The nondi-
mensional frequency has also been plotted to a l~ithmic scale as
shown in figures 6 and 7. Then as frequency approaches either zero or

-J- .- . ---
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infinity the amplitudes becom as~ptotic to straight lines. In both
figures as frequency decreases the amplitudes approach asymptotically
the value of unity. At high frequencies the amplitude of (1 + 7iU) is
essentially equal to ‘ru and thus it plots as a strafght line of slope 1
(fig. 6). Slmilerly, the amplitude of a second-order term approaches
the value (W/%)2 as frequency increases and is asymptotic to a
straight linO
reallyappeexs

,

Gf slope 2.- Since a second-amier term of this type nor-
in the denominator, it has been plotted as

[

2

(J 1
-1

l+2K&+ ~

and thus the slope of the amplitude curve is < (fig. 7). In both plots
the asymptotes intersect at unity on the nondlmnslonal frequency scale.
This intersection is te-d “the breakpoint.lt

The phase angles are plotted to a linear scale because when factors
of the types shown in equations (4) to (6) are combined, the resultant
phase angle of Y(P) is merely the algebraic sum of.the Individual
angles. It can be seen in figures 6 and 7 that the angles of these
first- and second-der terms apprmch ~“ and –180°, respectively, at
high frequenc~es. Thus an amplitude slope of 1 corresponds to an angle
of gOO, while a slope of + corresponds to an angle Of -180°. In gen-
eral, as w approaches infinity the amplitude of F (p] apprcaches

.

Kb(n~), where n -d m” em defined in equation (3). Then the ampli-
- tude slope is equal to (n+m) on the logarithmic plot and the phase angle

is gO(n-m)O.

The templates used in the analysis of the data were accurate repre–
sensations of the curves shown in figures 6 and 7 cut from transparent
material with the breakpoints mdsed. Twelve pairs of secondader te~
plates were included in the set to give values of damping ratio frcnn
0.1 to 1.0 in increments of 0.1 and in addition values of 0.05 and 0.15.

The computed I?requency+esponse data (amplituderatios and phase
angles) were plotted to the same logarithmic scale as the templates, and
then by a trial-and~rror approach the template m? combination of tern- “
plates that best matched the given data was determined. To determine
the proper conibination,various amplitude templates were positioned In
such a way that their algelxmic sum matched the experinwmtal amplitude
ratio curve. For each amplitude temp~ate the corresponding phase-angle
template was placed on the experimental phase+ngle curve so that the
breakpoint of each pair was alined with respect to frequency. The
various pairs of templates were then adjusted until the sum of the indi- .

vidual amplitudes ad phase angles most nearly matched the test data.
The frequency at which the breakpoint of each pair occurred (%P ) was .

.—
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noted and then the appropriate values of T exd ~ were determined
directly, since for each first order term

‘=+
and fcm each second-wder term

% = %p

b general, each factor will have a different breakpoint.

At first glance, this proced~e may seem extremely tedious but it
has been found that with practice one can deterqine coefficients quite
rapidly in this manner. Far a more cmplete description of the printi–
pies involved in this type of graphical representation reference 4 is
recommended.

Final Check

As a f-l step in the calculations ‘aReeves analogue computer was
used to check the results of all previous computations. This was acc~
plished by placing the actual t~ histwies of elevator+ ontrol motion
into the cmputer ly mans of an input table. Then this input was fed
into a circuit representing the equations of motion as obtained in the
previous step and the outputs.of the michine were obtained. These out-
puts were compared to the actusl time histories of pitching velocity and
normal acceleration obtained in flight. By changing dial settings on
the computer the transfer c~ff icients could be adjusted until the OUt-
put of the computer most neerly matched the actual flight data. (Such
a comparison is shown in fig. 3.) Thus, in addition to checking the cal-
culations, this step actually resulted in a refinemnt of the c~ffi–
cients obtained with the templates. In general, operatiam of this type
can be conveniently accomplished on the cmputer only when the fcmm of
the transfer fiction is known.

RESULTS AND DISCUSSION

The results presentid in the following -graphs were obtained
from transient tim histcmies such as shown in figure 3 by the mthcds
described in the previous section. Discussed here sre the airplane
frequency-response curves and the actual transfer functions that define
these curves. Also presented as supplemntiy results are the Mach
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number variations of elevator effectiveness and
on the transfer coefficients.
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the effect of altitude

Frequency~sponse Curves

Plotted in figures 8 and 9 we frequenty-response amplitude and
phase+gl.e curv’esof both pitcluln~velocity and norn?al+cceleration
responses to elevator inputs for several different &ch numbers.
Although two records were analyzed at each flight speed, the results of
only one have teen plotted. The agreemmt between the two results at
each Mach number was @nerally good with variations in amplitude ratio
rarely exceeding 5 percent of their mexhuun values, while the differences
in phase angle were usually less than 5°.

The pitching-velocity frequency-reponseamplitudes of figure 8(a)
show an Increase kn natural frequency with hiachnumber and also a reduc-
tion in amplltude ratios above a Mach nuniberof 0.76, indicating a
decrease in elevator effeetiveness. The narmal-acceleration frequenty-
response smplitudes of figure 9(a) show, in general, the _ character-
istics with som irregulsrlties at the higher flight s~eds.
Figures 8(b) and 9(b) show the corresponding phase-angle variations with
Mach number.

Each tiansient reponse was analyzed at integral values of frequency
from 1 to 10 radians per second. In sone cases, however, there appeared
to be ticonslstencies in the calculated responses at either end of the
frequency range where the magnitude of the response was small. This was
particularly evident over the low-frequency parts of the normal-
acceleration responses obtained at the higher flight speeds. For this
reason, as well as fm clarity, pcmtions of s- of the responses have
been omitted from figures 8 and 9. In general, the pitchln~veloc ity
data are considered more reliable than the acceleration data because the
dynamic characteristics possessed by the rate ~o were superior to those
of the accelerometer.

Ih f@re 10 is plotted a series of amplltude~atio curves of
pitching-velocity responses to inputs of an adjustable stabilizer con-
trol fm various Blachnumbers. These plots were obtained by @t iplying
the amplitude curves of figure 8(a) by values of d5/dit obtained from
static flight tests and shown in f@ure 11. Figure 10 illustrates the
t#pe of respmmes that would have been obtained if the stabilizer had
been used as the maneuvering control and there is no indication of the
large decrease in control effectiveness previously noted In figure 8(a).
For theqe calculations the phase angles for the q/it response sre the
sam as those shown in figure 8(b). .

.

.

.
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Transfer Functions

functims were determined from q/5 and n/5
8 and 9) by

The airplane transfer
frequency responses (figs.
the Analysis section. Final values of
from the analogue computer by matching
transfer functions for this particular
followhg form:

using the templates descrl~d in
the coefficients were obtained
the original tinw histories. The
afrplane were found to k of the

+ Tiw:(ib) = K1

‘+ a’(i~’”.)+(i”’~)

niu)=k%(

1+ 2@:)+@~T

As indicated by figure 3,’these equations adequately define the tran-
sient motion of the airplane as m3asured in flight. These equations are
also of the sazM f- as the theoretical transfer functicms developed in
appendix A.

The Mach nunibermriaticms of the cc#fic~nts %~ ~~ T> K1 ~d
& are plotted in ffgures 12 and 13. The damping ratio curve of
figure 12 was falred by referring to the damping coefficient curve
plotted in reference 1 where more data were available to define the
sharp variations between hiachnumbers of 0.88 to 0.95. An indication of
the consistency of the ~asuremnts and calculati~ns is given by the
scatter of the points at each flight speed. The coefficients ~ and
~ were determined directly from the q/~ response and then were veri-
fied using the n/5 response.

In determining the transfer coefficients of the q/~ response
there was sam uncertainty as to the best values for T and K1. It
was found that in som cases the test data could be equally well satis-
fied by a range of values of these two coefficients. For eqle, a
decrease in T could * compensated for by an increase in Kl such that
the product KIT remained constant. Examination of the q/& transfer
function will indicate the reason for this indete~cy. When
expressed in polar form the nummator of the amplitude ratio i@] is

.

.

It
to
it

can %e seen that as f%quency increases T%@’ beCOEh9S k?fp COWea
unity, and ths numeratcm may be approxinmted ShplY by KITU~ Thus
appears that KIT is the most essential quantity in the numerator of
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the q/5 transfer function and this has been plotted in figure 14. The
results in this form exhibit less scatter than the individual coeffi- *
cients KI and T shown in figure 13.

Elevator Effectiveness

Also plotted in figure lh is the variation with h!aohnumber of’the
ele+ator effectiveness

%
camputed directly from the product KIT as

descrflmd in appendix Xl. Is quantity is compared to wind-tunnel
values obtained from reference 5, and also to”unpublished static flight
data. The agreemmt between the three curves is generally good. There
is sam scatter, however, in the test points computed herein whioh may
be attributed to the nonlineariti?s that are discussed in the section
on aocuracy. The mthod used here is not suggested as a mans for deter-
mining (& sinoe this can usually k obtained more dtiectly frmn
statIc flight nasurements. However, the computation is Justified as an
additional check on the validity of the mthods used in this report.

Altitude variations

Since the data presentid in this report were all obtained at an
altitude of apprcminmtely 35,000 feet, calculations, as desc~ihd in
appendix C, were made to show the effects of changes in altitude on the
fieqyency-response chaiwcteristics of the airplane. The results of
these calculations are plotted in figure 15, which shows the variation
at constant Wch number and at constant lift coefficient of each of the
transfer coeffIcients dber an altitude range of from sea level to
n, 000 feet. Calculations based on these curves would be valld only at
Bkch numbers where altitude variations do not result in departures from
the linear range of the lift curve.

In figure 16 are plotted typical pitching-velooity frequency-
responee curves calculated for the test airplane at a bkch number of
0.81 for altitudes of sea level, 15,000 and 35,000 feet. It can be seen
that as altitude increases both the amplitude end natural frequency are
reduced. Calculations for norml-acceleration response would show s5mf-
lar tendencies with possibly even greater chan~s in amplitude.

ACCURACY

In arder to assess the accuracy of experlamdally determined trans-
fer coefficients, considerateIon must be given to certain basic factars,

.

—
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that affect the soluticm of this type of problem. The templates will
indicate the type of transfer function that best fits a set of experi-
mental data over a particular fkequency range. C%smging the width of
the frequency spectrum analyzed will, in many cases, not only change the
values of the coefficients but also change the type of the transfer
function. This would be true in general of a system that has mme than
one we12-defined tie of motion. The airplane fslls into this category. “

In the analysis of this report only a narrow frequency band was
considered. This band bracketed the resonant peak of the short=period
mode and thus, as would.be expected by them y, the templates showed the
system to have essentidly two degrees of freedom (a second-order tmns-’
fer function). If flight data had been obtained that would be .suitable
fcc?analysis at lower fYe@encies, then we would have expeoted the
system to & more closely represented by a fourt~der transfer func-
tion that would have included the long~eriod (phugoid) mode in addition
to the shorkperiod made nentioned above. similarly, if the analysis
had included very high frequenciess,one or more vibraticm or flutter
mcdes might have further ccanplicatedthe resultant transfer function.

Other factors that affect the accuracy smd consistency of the com-
puted transfer coefficients ere discussed in the following paragraphs.

Nonlinearityies

The analysis used in this report is based on the assumption of ‘
linear behavior of all aerodynamic derivatives, thus implytig that the
frequency response and the related transfer coefficients are ccanpletely
independent of the shape and ma~itude of the forcing function. In cal-
culating the dynamicaesponse characteristics of aircraft, this assump-
tion is generally valid, provided that only small disturbances from
trinmwd flight are considered. There may be cases, however, where non-
linear derivatives exist even under these conditicms. Then, at each
flight speed and altitude, the computed frequency responses wiU vary in
scmM manner with the type of control input used and also with the magni-
tude of the input. This will lead to corresponding variations in the.
calculated transfer coefficients, and in etiremg cases it X be impos-
sible to find a set of linear coefffcients that adequately de SCribe the

transient flight data.

Investigation has shown that, in the test airplane, the variation
of pitching momnt with elevator aq$l.etends to lmcom nonlinesr
(~ ticreaws ) as t~ a@e iS ticreased above a certati value.
Unpublished data have demonstrated this fact at a hlachnumber of 0.80
where airplane responses to pulses of vsrying magnitude were recorded.
It was found also that the amplitude ratio of the frequenty response

..
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decreased slightly as the magnitude of the pulse was Increased.’ The
only coefficients appreciably affected were K1 and &. The Parti–
tions in K1 resulted in similar variations In the calculated values of
~ Whldl are in effect linear approximations of the true nonlinear
curves.

The results of this repart indicate the same nonlinea$?effects. At
several different speeds (such as 0.69 Mach number) variations in the
coefficients K1 and G, shown In figure 1% were directly traceable to
variations in the sizes of the input pulses (fig. h). For the most part
these effects were smill.

From the equatiqns developed in appendix A it can be seen that,
through the frequency range of interest. both Iq/5] and ]n/5I are
approx-tely proportional to

K~%&dw~ ‘~oi~~~~~deb~t&-sc&le@y the tit iplying factors
nonlinearity in ~. ‘

i-by
There was no
derivatives.

evidence of nonlinearities in any of the other staMl–

Instrumentation

—
.

.

The dynamic characteristics of the recording instruments are of

-at @Ante, Each instrummt has its own f%quency response which
must be considered in determining the true airplane response, Further-
more, the natural frequenty of the Instrummt definitely limits the
highed frequency at which the data may be analyzed.

Any tendency on the part of a recording instrummt to drift with
tim would result in erroneous steady-state values of the airplane res-
ponse (errcms h the low-frequency region).

The rate ~o used in this test program was found to have satis-
factwy dynamic amplitude characteristics, and corrections were applied
only to account for instrument lag. The linear accelerometer had less
desirable dynamic characteristics because of its extrenly high damping
ratio (1.95) wliichnormally means t~t amplitude as well as phase-ngle
corrections must be made; but, because the normal acceleration data are
of only secondary impcmtance to this report, the perfarmamce of the
instrumnt was considered to be adequate even though amplitude cameo-
tions were not mde. Them was no evidence of &if t with tire in either
instrummt.
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Flight Technique

As mntioned previously, it was necessary to dive the airplane h
cinderto obtain records at the -highestspeeds, whioh resulted in changes
in both speed end altftude. These changes increase the difficulty in
finding a set of coefficients“thatwill describe the response of the
airplane. Inadvertent disturbances such as those caused by rough air

--will cause airplane motimm that are not consistent with the contiol
input and thus may result In serious discrepancies in the airplane fre-’
quency response.

Data Reduction

The most likely source of error in the data reduction is the f~
reading operation. However, such random errors should only affect the
high-frequency part of the response, provided that the steady-state pcr-
tion of the transient records is carefully masured.

The use of Simpson:s Rule in obtaining the Fourier Integrals of the
transient retards was found to be a highly accurate nethod, provided
that the th history is evaluated at small enough time intervals.
Unpublished work has shown that if a tim Interval of 0.05 second is
used, theritransient records of the type shown In this report cm be
analyzed to frequencies as high as 12 radians pr second with errors of
less than 1 percent. ~ general,-the t- interval should be small
enough so that each cycle of the product curves q(t) sin ut and
q(t) cos cot can be defined by at least six masuremnts.

~ using the templ.aiasto detemine tmnsfer coefficients it was
generally not possible to e=ctly mtoh the damping ratio of an experi-
nrmtsl frequency-response curve with any of the available second+rder
templates. This type of errcm could be minimized by expanding the set
to include more titernediate values of ~. In any event the damping
ratlo can be corrected by making use of the analogue ccmputer as mn-
tioned previously.

CONCLJJDINGREMARKS

The prlmsry ob$ective of this report is the presentation of dynamic
Umgitudinal-tability characteristics of a 35° swept-wing airplane as.
determined from transient flight data. ACsecondary objective is the
presentation of a ~thd that enables these characteristics to k
expressed in the fcmm of airplane transfer functfons for each fli&.

-- !!@ds!ii!i~—.



oondition. Time histories of pitching-velocity and nti+cceleration
responses to pulse-type elevator inputs were satisfactorilyanalyzed by
means of the Ikmrier integral transftmmation to obtain the airplane f&e-

●

quency responses in graphioal form. The eqyations w transfer functions
that most nearly retched these curves were then readily determined by
means of special templates. The aIldO~’ COIIL@CW WaS Usefd ill ObtLTLiIk

ing more satisfactory numrical coefficients of the transfer functians
and in checking all intermediate calculations against the original
flight lmasuremmts,

Examination of the pftchin~velocity frequency+response cum%s fcm
elevator-control inputs shows decreasing amplitude ratios as Wch number
is increased alove 0.76, indicating low elevator effectiveness in the
transonic range. This large reduction in amplitude is not evident, h-
ever, when the stabilizer is used as the mazmmering control.

Each of the cmmputed transfer coefficients shows s- irregularity
at or near the Mach number of 0.$?2. Otherwise the following trends are
evident:

The undamped natural frequency ~ increases with Mach number.
The daqing ratio ~ at 35,000 feet decreases from 0.38 at a Mach num-
ber of 0.8 to 0.15 at a Mach mmber of 1.0. The coefficients T, 111,
and & each show, in general, a decrease with increasing Mach number
through the transonic s~ed range.

% cqUbd fy

The elevator effectiveness paramter
cm experimental values of T and Kx &creases rapidly

&am 0.35 to 0.06 between &ch numbers of 0.8 and 1.0.

It is shown that the effect of altitude chan~s a the transfer
c~fficients Is such as to cause a decrease in the amplitude and natural
frequency of the airplane response with increasing altitude.

AnBs Aeronautical Laboratory,
National Advisory Committee for

Moffett Field, Calffania.
Aeronautics,
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APEENDIK A

.
RELATIONSED? BETWEEN EKPERIMENZ’ALH ~ TMNSIER

,

FUNCTIONS AND THWRETICAL EQUATIONS CIFM(Xl?IOli

If the longitudinal equations of motion of the airplane in level
flight at constant speed are assured to be of the following form:

.

where p is the operatcm $, and where

.
~t W8S shown

pitching-velooity

.

,

+M@ .
/-’

19

(Al)

(=)

(A3)

(A4)

(A5)

in this repcrt that the experimmdally determined
responses may be represented by equations of the fm

l+TP.8==1
1+ 2,(P,$+(P%$)

_.. ——
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By rearranging terms this equation may be expressed as

NACA RM A51G27

.

.

which is of the mm form as equaticm (Al) so that

k = un2 (A6)

b ~ 2~Un (A7)

c = Kz~2 (A8j -
%

Clq = K1~% (A9) . _

To obtatn the normal~cceleration response n/b, the two equations
of motion may be solved simiiltaneously for a/& Then n/5 is obtained
directly from the relation

n-=v(: -g)
5

and may be expressed as

n c%
+ c~p + c2np=

--=
5 p=+ bp+k

where

.

.
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Ihvest igat ion has shown that fm? conventional aircraft the term c%

is negligible and that in most cases ~n has only a small effect on

the airplane response over the low frequency range of interest. There-
fore, n/5 may be expressed simply as

n c%
-=—

This equation is of the _ form as
transfer function

bp+k

the expertintally determined

—

.6

1+2@wJ+(p2’”n’)
and thus Co is Meritical to B&!!’.

n

.
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APEENDIK B

CALCULATION OF C
%

The elevator effectiveness paramter
%

from the experimental results of this report by
developed in appendix A. ti equation (A5), the

for

Mb
can

can be ccmputed directly

inking use of equations
term Z#&/mVIY is,

conventional aircraft, very small as compared to ~/Iy, &d thus

may be apyroximted simply as ~C lq. Then from equation (A9) ~
be expressed as

Mb

Finally from the definitiau of

cm~

.

—

-.
—

.

.

.

.

_____
=
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ESTIMATION OF ALT- EFT’ECTS

23

lbnmnthe definit~ons of the coefficients obtained from the theore=
ical equations of motion, it is possible to estimate the effects of
changes in sltitude on the airplane frequency response. If the Mach
number remains constant as altitude and density change, then the flight
velocity will vary directly with the speed of sound (V = Ma). By ne~
letting som small terms and by assuming that no changes occur in the
nondimms ional derivatives, these coefficients may be expressed in terms“
of p and a as follows:

~=_k %+G pvs
[

fha ~2
——— =-— — + (cm )—
mV

‘Y
2 m Q 1“%21Y “*

cl Pv%c ~&

~

.:=~q

Z*
(omitting —)

mVI
Y

c. = - Vc. d%.’

.
.

%1 “4

I&cm the
coefficients,

identities that define the relations between the various
it can be ssen that

—
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Figure l.- Photograph of the test airplane.
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Figure 2.- Two- view drawing of the test
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Figure 3-Sample flighf records of normal occe[erotion, pitching ve/ocity, ond
e/evofor ongle of Moth number of 0.8/.

29

——-... -m!tEglmm -$

.



30

20

/6

o

_~com!rD Ei’?rIAIl ..= NACA RM A51G27
..—--’=’-’-;

-“

❑
c

L
r

*
.

lQ.ELPl Ol I
1 1 ! 1 1 I F 1 I I 1 I

Ic1

‘.5 .6 .7 .8 .9 ‘

Much number

Figure 4.- Vurifffion of trim elevator ungle with Mach
ond moximum elevator deflection ffttoineo’ during
maneuver.

number ‘
euch

.

.-

.

-“

.

.



5
.

●

.

.

,

.

NACA RM A51G27 —confidential
.

A 31

8

6

-2

‘.5 .6 .7 .8

j$foch number

Figure 5- Variation of triq? angle of uttuck
ond the maximum ond minimum ongles
elevator pulse.

.9 Lo 1/

with Mach number
following eoch

,

==@2E2EE!@



5=-,.
—

lWA m A5m2732

.90

45

0

—

0

—

*
/

—

/

/

/

/

/0

%

/

&Asymptot~
S/ope = /

I

P/// J-n-
./

.

.

Figure 6.- Vuriotion of the first-order term
nondimensional frequency rtd ,

— . —- ——.-.

%iF-J—

..



NACA RM A51G27 33

●

.

10

f.o

0/

.0/
.1

(a) Amplitude.

Figure 7.- The variation of the second-order term

[

-t

( /’”/+@.+ & with nondimension/

frequency $ for various vulues of dumping ratio.

“-=qmi?mm-- =.-



34

0

“45

-90

-/35

-180.,

—- WmmEmw- 1:>.--— .-—-------
--------- ------

J!WA RM A51G27

(b) Phase angle.

Figure 7.-Concluded.

.

.

●

.

.

—..

. ..— .—. .—

.

.
-— ~-~=— —-—----

zoNFIDENTw_.
—



●

✎

.

.

RM A51G27’ .-CQNFIDENI’IAL ---+-.-— ...-=....___
-–-“’—~

#

35

48

4?4

4.0

36

32

28

24

2.0

/.6

/.2

.8

.4

00/23456 789/o

Frequency, tv, rao’’Ams/sec

(o) Amplitude ratio versus frequency.

Figure 8.- Airp/une pitching- velocity frequency response to elevator .

control inputs for vurious flight Mach numbers.

. ..—.-.-q~~~~~m -.



. 36 NACA RM A!71G27

\
\ ,

\\ \

80

60

40

20

‘0

-20

-40

-60

-80

-/000 , p ~ ~ ~ 6 ~ ~ ~ ,0

Frequency, UNruo’iuns/sec

(b) Phase ongle versus frequency.

Figure 8.- Concluded.

*

4

‘.

.

.

. 7
●

- —- .- -—-=——-—--- . .... -r-.~.,.–=. .



.

.

NACA

--l

RM A51G27’ 37—

.52 M= 0.61

.48

y ~ \\, ~,,.85
.44 t I &/

I i ilA i Hl!i

. . .
I I I lY1/.&9\l\l\\l

.40 /0 /
// /

\ II 1 1

.64 . \\ \

— \ \ P l\

r’mlTtT

./6

./2

.08

.04

1
t 1 I I

I I I
t I I I I I I I I I ! f ,

‘o L23456 78
F?Eaq

9 /0

Frequency, u, rudkms/sec

W Amplitude ratio versus frequency,

Figure 9.- Airplane normal-acceleration frequency response to elevator
control inputs for vurious fligh~ Mach numbers.



--

38

be*-
el-

—. e—--mmmemti NACA RM A51G27

—.

0

20

’40

60

\ K“ Y“”- -

\
\\

x’ “
@
u)

-80

8
g
Q -/00

/20

/40

160

./8C
0/23456 789/0

‘0 L I 1 1 I I r I 1 1 J 1 I I 1 1 , , ,--– 1

Frequency, W, nmXans/sec

(b) Phose angle versus frequency.

Figure 9.- Concluded.
s

●

�

““-=ymmm’!rw-.. . .—.

---

-.

.

b

—

-.

.



.

.

//

.97/

/0 90
/

!

M =0.85

/ \

9
.81

h , , Ill

\

\ 1\

39

Frequency, W, rodiims/sec

Figue 10.- A@lone pitching-velocity frequency response tO stabilizer ‘

control inputs for vurious flight Much numbers.

.

*. .

------ -—. ..-_



Am&ili@& I?ACARM A51G27

.

6

5

4

I%?s’3

/

o
06 .7

Figure /l. - Vofiotion of

effectiveness,

A40ch number

the rutio of sfobilzer to ‘elevotor
—

da
79 with Moth number.

b

.

.

—



NKA RM A51G27 ~ommI!&=q3 41
.

.

.

.4

./

II I I I - -1- 1 t I I

2’ I I 1 1 1 I 1 I 1 , , I
.5 .6 .7 .8 .9 /.0 L/

Mc7ch number
.

Figure /2.– Voriotion of damping rotio and uno’omped nuturul
frequency with Much number.

&

------ _—_ .
cglr~ _

+



42

/.2

.8

.4

0

.4

.2

0

2

/

“o

NACARMA!51G27

\

.

I .

I
\ ,

J

.5 .6 .7 .8 .9

Afoch number

Figute /3.- Voriotion of the choructetistic time, r, ond of the
coefficients KI und Kg wif~ MUC~ number.

/./



NACA RM A51G27

“

.

/.2

.4

0

–-o–– Dynumic flight test tiota

c — Reference 5
0 —-— Sjatic flight duto

.4 — a “
- +

N
o

0 3K

.3 “ \
/

.2

k
./ \

0, t
t

_
o

.5 .6 .7 .8 .9 1.0 L/
Mach number .

Figure 14.- Voriation of the parometer K, r and eievotor effective-
ness Cm~ with Mach number.



44
h

-.-—. --miFzmmA=’

.

NACARM A51G27

.

“o /0 20 30 40 50
“ Altitude, ft

x /03

Figure /5. - Voriotion of trot?sfer coefficients {, Wn, K,, r, ond Ka
with ultitude

coefficient.

,

for Conshmt Much number and constant lift

—

.

& 171,mDmIAL :
.- — .——. —.____ .. . .. . ..- 4



._—.
.-

IMCA RM A5ZG27

.

#.

6

5

4

3

2

/

0

40

0

\

-40 \ \

\ -
~

-80

-/200 I
2 4 6 8 /0 /2

Frequency, U, radians/see

Figure 16. -TypI’col pifching-velocity frequency-response
variation with altitude ot Moth number of 0.8/ . “

●

c@FmEmnL *~——

NACA-Lmgley -9-1941- 2S0


